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Introduction

A CTIVE vibration suppression of a large flexible space
structure has been studied extensively in recent years.

The studies include reduced-order modeling of structures with
associated controller design. The main objectives of active
control design are minimizing hardware and real-time compu-
tation while achieving efficient and robust control of the struc-
ture. Structure modeling and various control techniques are
briefly discussed in this paper. Control designs based on state
variable feedback are compared with an energy dissipation-
based design. The effect of nonlinearities is considered by
allowing saturation of the actuator control. The energy dissi-
pation control design is shown to be superior to others in light
of the aforementioned objectives.

There have been a number of control schemes proposed for
flexible structure control. Common methods of control are
state space methods, which include pole allocation1 and the
linear quadratic performance methods2; direct velocity feed-
back3 control, which is part of the collocated control4; and
nonlinear control.5 Another method of control known as inde-
pendent modal space control is extensively researched in recent
literature.6 This method is based on modal space representa-
tion and can be considered as a special case of the state space
methods.

The focus of traditional state variable feedback methods has
been on system stability (eigenvalue placement). Since the
origin is also at a zero energy state, a stable system will achieve
the main objective of vibration suppression. The direct veloc-
ity feedback control, which will hereafter be referred to as
energy dissipation control because it is based on system energy,
guarantees stability properties in the presence of structural
uncertainties.4 The stability is guaranteed regardless of the
reduced-order model and uncertainties in the knowledge of the
parameters. It has been shown that the closed-loop system is
always stable in the sense of Lyapunov and is also asymptoti-
cally stable under certain additional conditions.3'4 The con-
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troller is also shown to be robust with respect to nonlinearities,
phase shifts, and delays.7

This paper presents a direct comparison of the state variable
feedback control and energy dissipation control by numerical
simulation. The effect of nonlinearities is considered by allow-
ing.saturation of the actuator control force.

Structural System Formulation
A flexible structure is modeled either as a continuous system

or as a discrete system, depending on the nature of the prob-
lem. The discrete system formulation has many commonly
used representations; among them is the finite-element
method. Application of the finite-element method to a conser-
vative dynamical system results in a system of second-order
differential equations8

MY+KY=F (1)

where M and K are mass and stiffness matrices, respectively,
F is a generalized nodal force vector, and Y is a generalized
displacement vector. For a beam,

where >>/ and 0/ are transverse displacement and rotation asso-
ciated with the 7th node. A system of first-order differential
equations, in a state space representation, may now be ob-
tained. We first define a momentum vector P.

(3)

We then relate the generalized force vector F to the vector of
physical actuator input

where w/ and <?/ are the force and torque, respectively, applied
at node /. This is done by means of an actuator placement
matrix, so that

The matrix B specifies where the force and torque actuators
are located. It is a diagonal matrix, with the diagonal com-
posed of zeros (no actuators) and ones (actuators). Substitut-
ing in Eq. (1), we obtain

-nm rco
0 UJ+l«r (4)

Control Design
Two controller designs are described in this section. The first

one is a traditional optimal state feedback control design. The
second one is a design based on energy dissipation. The second
design is also known as direct velocity feedback control.
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Optimal State Feedback Control
Optimal state feedback control design for a linear system

dynamics, of the form X=AX + BU, is based on the idea of
choosing a control law that will minimize the quadratic perfor-
mance index, of the form

i °°
^ [xT(t)QX(t) + UT(t)RU(t)] dt (5)

where X is the state vector, U is the control vector, and Q and
R are constant matrices. It is assumed that Q is positive
semidefinite and R is positive definite. If U(t) is not con-
strained, then an optimal feedback control exists, is unique
and is of the form

u(t)= -R~lBTKX(t) (6)

where the constant, symmetric, and positive definite matrix K
is the solution of the nonlinear time-invariant matrix algebraic
equation

KA + ATK-KBR-1BTK = - (7)

Energy Dissipation Control
For a conservative system, like an ideal beam structure, the

kinetic and potential energy can be written as

(8)

(9)V = 1/2 YTKY

where T is the kinetic energy, V the potential energy, Y the
generalized displacement vector (e.g., transverse displace-
ment, rotation), and Y the generalized velocity vector. The
total energy H is given by

H = T + V = Vi YTMY+ 1/2 YTKY (10)
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Fig. 1 Transverse displacement at the sensor location (unbounded
control force): a) energy dissipation; b) state variable feedback.

To dissipate energy, we can choose

F=-SY (H)

where S is a positive semidefinite (definite) matrix. It can easily
be verified that

dt (12)

It follows from Eq. (12) that the controller given by Eq. (11)
will never increase system energy. Except for some special
cases (discussed in the next section), the total energy will al-
ways be reduced under this control action.

Control Design Comparison
The model considered for the comparison is a four-element

finite-element model of an aluminum cantilever beam of di-
mensions 45 x 1.5x0.25 in. The mass and stiffness distri-
butions are M(x) = (5.7633 x 10~4 Ib-sVin.V £/(*)= 1.9336
x 10Mb in.2. A velocity sensor and a control force actuator is
assumed to be located 31 in. from the fixed end of the
cantilever beam. We now compare an energy dissipation con-
troller with an optimal state feedback controller under both
unbounded and bounded control. An initial impulse of 0.02-s
duration and 4 Ibf is applied 31 in. from the fixed end in each
case. Control action to damp out this disturbance is then ini-
tiated after 1 s. Two cases are simulated numerically.

1) Energy dissipation control with u =0.125^3: \u \ un-
bounded; \u\ <0.5.

2) Optimal state feedback control with [Q] = [/];[/?]*= [/]:
\u | unbounded; \u \ <0.5.

The cantilever beam displacement at the sensor location is
plotted in Fig. 1 for the two cases with unbounded control. It
is evident that the energy dissipation control brings the system
back to equilibrium more quickly. The change in total energy
after application of control forces (unbounded control) is
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Fig. 2 Variation of the total energy in the beam (unbounded control
force): a) energy dissipation; b) state variable feedback.
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Fig. 3 Control force history (unbounded control force): a) energy
dissipation; b) state variable feedback.
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Fig. 4 Control force history (bounded control force, \u\<0.5):
a) energy dissipation; b) state variable feedback.

shown in Fig. 2. The total energy is more effectively reduced
using energy dissipation. The control force history with un-
bounded control for the two cases is shown in Fig. 3. This may
be compared with the bounded control case of Fig. 4, where
state variable feedback produces a longer chattering control.
More simulation results, along with some experimental obser-
vations, are provided in Ref. 9.

Although the energy dissipation controller may be only mar-
ginally better than the optimal state feedback-based con-
trollers, its main advantage is that it can be implemented with
only one sensor. State variable feedback requires (for the beam
example discussed here) 16 sensors or a combination of sensors
and an observer. The hardware requirements and/or on-line
computation (required for an observer) for the state variable
feedback control is considerable compared to the energy dissi-
pation controller. In addition, the optimal state feedback con-
trol design is based on reduced-order modeling and is therefore
sensitive to the accuracy of the model. In contrast, the energy
dissipation control will never impart energy to the structure
and is insensitive to the global behavior of the structure.

Conclusions
A comparison of optimal control and energy dissipation

control discussed in this papier shows that the latter provides
good control with simplicity. The results indicate that energy
dissipation control achieves the same or better results than
optimal control without the large number of sensors or an
observer. The single fact that the energy dissipation controller
reduces the hardware requirement drastically favors this con-
trol design. The structural system energy monotonically re-
duces in the case of the energy dissipation controller, whereas
it may increase during control operation with other designs. A
rapid increase in the total energy during control operation is

not desirable in general because it may cause damage to a
fragile structure.

The energy dissipation control design is insensitive to uncer-
tainties in the physical structure. This is a desirable feature
because any additional appendage to the original structure will
not make the controller unstable.

Constraints on actuator forces (bounded control) are pre-
sent in any real situation. The energy dissipation controlctesign
still performs adequately with the introduction of such nonlin-
earities.
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